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Abstract A dozen homo- and heteropolar bonds in a

series of diatomic molecules are analyzed by an energy

partitioning based on the concepts developed in part I of

this series (J Comput Chem 28:411–422, 2007). The dif-

ferent bond types are characterized by various physical

contributions to the bond energy, namely classical potential

interaction, quantum–mechanical orbital interference, and

bond stabilizations by atomic configurational promotion,

radial deformation, and angular polarization. The effects of

the atomic cores are accounted for by means of pseudo-

potential operators. Different atomic cores cause specific

bond differences. The various bonding mechanisms can be

characterized by several parameters. They describe the

quantum–mechanical reduction in the ‘electronic kinetic

energy pressure’ due to delocalization (sharing interfer-

ence) and the increase in the ‘molecular potential energy

pull’ due to overlap of atomic electron densities with

adjacent atoms in the molecule. In addition, there are one-

and two-electron relaxations whose distinctive features

depend on the nature of the cores.

Keywords Bond energy analysis � Bond types �
Covalence � Diatomics � Effective core potentials �
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1 Introduction

Chemistry as a modern, empirically based science began

toward the end of the eighteenth century with the identi-

fication of the first few dozen elements. During the next

half century, more elements were found, the atomistic

structure of matter was recognized, as were the electropolar

bond and the homopolar bond. Since then, further types of

interatomic linkages were identified, such as the coordi-

native, metallic, mesomeric, multicenter, van der Waals,

hydrogen and metallophilic ones. Present-day chemists

speak of primary bonds when bond energies are signifi-

cantly above 100 (up to 1,000) kJ/mol, whereas the wide

variety of interactions that yield stabilizations of signifi-

cantly less than 100 kJ/mol (down to a few kJ/mol, in

particular between closed shell systems) are usually termed

secondary bonding in a somewhat vague manner [1, 2].

From the modern theoretical point of view, chemically

bonded molecules are characterized by pronounced local

minima on potential energy surfaces1 that satisfy the fol-

lowing criteria. These criteria guarantee the existence of a
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chemical bond as defined in the IUPAC Compendium of

Chemical Terminology [3, 4].

(i) The energy E(Re) at the equilibrium geometry Re is

significantly lower than that at somewhat larger distances

of the molecular fragments.2

(ii) The equilibrium internuclear distance, where qE(R)/

qR|Re vanishes, is significantly shorter than the sum of

common atomic van der Waals radii.

(iii) There must be a significant stretching force con-

stant, i.e., curvature q2E(R)/qR2|Re.

The aim of the present investigation is a quantum–

chemical assessment of the various bonding modes. From

this perspective, different types of bonding can be distin-

guished according to whether the origin of molecule for-

mation can be traced back to changes in the one-electron

kinetic energy or in the one-electron potential energy or in

the two-electron potential energy. This analysis has been

proposed and discussed in some detail in part I of our work

[5] and has led to the following conclusions.

(a) Changes in the kinetic energy functional that result

when electrons are shared between atoms constitute the

essential origin of covalent bonding. It may be of the

homopolar two-center type, of the coordinative or dative

type, of the ‘‘mesomeric’’ many-center type as well as of

the metallic type. All of such bonds can be described by

polycentrically localized molecular orbitals. That electron

sharing in fact impacts the quantum–mechanical kinetic

energy behavior was first recognized by Hellmann in the

1930s [6–10] and then, e.g., by Peierls [11] and Döring [12]

in the 1950s. It was fully elucidated by Ruedenberg since

the 1960s [13–16] and subsequently further developed by

Kutzelnigg [17–20] and Goddard [21] since the 1970s. It

was then also espoused by Fukui [22] and by Mulliken

[23]. An updated exposition of the principle was recently

given by Ruedenberg and Schmidt [24]. Lewis’ conception

[25] of a shared electron pair as a bonding model, created a

decade before the advent of wave mechanics, attests to the

power of chemical intuition.

(b) Changes in the electrostatic attractions between the

electron density and the nuclei resulting from interatomic

charge transfers toward the more electronegative partners

or from extensive charge density overlap give rise to var-

ious kinds of hetero- and homopolar bonding. The het-

eropolar bonding model was already proposed by Kossel

[26] before the advent of wave mechanics.3 In this context,

we note that conventional textbooks tend to

overemphasize, with respect to all bonds, the importance of

electrostatic interactions at the expense of quantum–

mechanical kinetic effects.4

(c) Changes in the electron–electron repulsion energy

contribute to bonding via energy decreases due to electron

correlation (of the Fermi and Coulomb type). The latter are

of two kinds: ‘‘Static’’ correlations, notably ‘‘left–right

correlations,’’ and ‘‘angular correlations around the bond

axis,’’ which are accounted for in various valence-bond

approaches or by multi-configuration wavefunctions, both

based on molecule-adapted optimized minimal basis sets.

And the more involved correlations between the motions of

the electrons, the ‘‘dynamic’’ correlations. Their binding

contributions are due to the increase in the ways electrons

can dodge each other, and thereby lower the energy when a

molecule is formed. This effect is present in all covalent

and polar bonds and can be substantial. It contributes for

instance more than 50% to the bond in F2 [27–29], and it is

the sole cause for the bond in Be2 [30]. It also generates, of

course, the long-range dispersion attractions.

In different systems, the three types of bonding contri-

butions (a) to (c) are present to different degrees, and the

objective of the present study is to elucidate how this mix

can differ in various situations. To this end, we shall dis-

cuss a number of exemplifying diatomic molecules. Many

of the quantitative data are taken from Ref. [31, 32].

The subsequent exposition proceeds as follows. In Sect.

2, basic concepts on which our analysis is based are out-

lined. In Sect. 3, we discuss the essential role that electron

sharing plays in the formation of a covalent bond by

revisiting the accurately analyzed molecules H2
? and H2,

where core and cooperating valence electrons are both

absent. From this analysis, we deduce a more general

parameterized model. In Sect. 4, the effect of atomic cores

on bonding will then be discussed by an examination of the

molecules Li2
? and Li2. Since the valence shells of the

alkali metal atoms are special in that their energetic

valence AO sequence is nsu \ npv � (n - 1)d0, the

subsequent Sect. 5 deals with bonds between atoms

whose valence orbitals form the more common sequence

[(n - 1)d10] \ nsu \ npv [33, 34] with spatially more

compact and energetically more bonded valence shells.

Here, we discuss on the one hand the molecules Au2
? and

Au2, which have big atomic cores, viz. a closed d10-shell,

and more strongly bound valence s-AOs. On the other

hand, we examine typical cases with small atomic cores

(‘E2 molecules’). In extension of these sections, hetero-

polar bonds are considered in Sect. 6, viz. LiH? and LiH.

Bonds involving p-orbitals (BH, B2, N2) are taken up in

Sect. 7. (Some of the details in Sects. 5–7, or even 3–7,

2 This definition, in agreement with the IUPAC bond-definition,

comprises stable and metastable compounds, where the energy

eventually decreases at larger separations. Extreme examples are

strained endohedral cage compounds such as He@adamantane with

nonbonded repulsions between the ‘bonded’ fragments [110, 111].
3 Electropolar bonding ideas go back 200 years, e.g., to Berzelius

(*1815) and von Helmholtz (*1875) [112].

4 This ‘textbook wisdom’ is reflected, for instance, in the Wikipedia

[http://en.wikipedia.org/Chemical_bond].
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may be skipped in a first cursory reading.) The insights

gained by the analyses regarding similarities and differ-

ences of bonding mechanisms are then synthesized in a

general classification scheme in Sect. 8.

Unless specified otherwise, we give energies in eV

(&1/27.2114 hartree &23.0605 kcal/mol &96.4853 kJ/

mol) and lengths in atomic units (1 bohr &52.9177 pm).

2 Elements of the present bonding analysis

2.1 General premises

Chemical bonds result from differences in quantum–

mechanical electronic ground state energies for different

geometric arrangements of a given set of atoms. Under-

standing the origin of binding is therefore contingent upon

understanding (i) the change of the wavefunction between

the bonded molecule and unbound reference fragments and

(ii) the effect of wavefunction shapes on the magnitudes of

ground state energies. A rigorous universal basis for such an

understanding is provided by the variation principle. It shows

that the ground state wavefunction is the one that optimally

exploits the available electrostatically attractive energy

regions while at the same time keeping the concomitant

positive kinetic energy increases as small as possible.

Various aspects of this variational competition between

the kinetic and the potential energy as a basis for physical

understanding have been elaborated in detail in Refs. [5–

24]. In particular, it has been explicitly demonstrated how

answers to the questions why? and how? can be found by

this approach, provided one compares values of the energy

functional for judiciously chosen nonstationary, though

physical trial wavefunctions on the variational path from

the chosen separated fragments to the molecular energy

minimum. It was also shown that such questions cannot be

answered nor elucidated if one limits oneself strictly to

examine the wavefunction (or even only the density dis-

tribution) of the actual molecular stationary ground states.

The sole investigation of molecular wavefunctions or

densities cannot answer the question of the bond origin.

Bond energies are energy differences, and this implies the

comparison of a molecule with a nonbonded reference state.

The use of the aforementioned variational reasoning to

explain, say, that the system of atoms A and B has a lower

energy at its bonded molecular equilibrium distance than at

larger separation, therefore requires an additional piece of

reasoning. Namely: One has to formulate an initial trial

wavefunction for the more stable system (in this case the

molecule) that can be simply related to the less stable system

(the chosen reference system, e.g., the separated atoms).

To this end, we shall define an intermediate construct of

overlaid atoms at the molecular separation. In a first step,

the energy difference between the separate atoms and this

intermediate molecular trial wavefunction is deduced from

physical considerations. In a second step, the energy low-

ering that occurs when this intermediate molecular trial

wavefunction relaxes into the actual molecular wavefunc-

tion can be understood on the basis of variational reason-

ing. A similar philosophy had been implemented by

Morokuma, Ziegler, Baerends (MZB), and others [35–39].

In order to gain further physical insights, each of the two

steps will typically be resolved into substeps, whose energy

changes are conceptually evident. In this manner, the total

binding energy ends up as the sum of a number of inter-

pretable energy contributions.

The overlay of the atoms will be resolved first into two

substeps. In the first, atomic densities will be overlaid,

undeformed in the spirit of classical lowest order pertur-

bation theory (PT). While this seems simple, it can none-

theless result in chemically surprising energy contributions

[40]. Since the wavefunction amplitudes are, however, the

real entities in the quantum world [41, 42], the second

substep consists of overlaying the undeformed atomic

wavefunctions in the spirit of quantum–mechanical lowest

order PT. This leads to quantum–mechanical interference

and the implications of the Pauli principle. The energy

change of these two substeps of the overlay of the free

atoms is called the steric energy in the MZB approach.

Concerning possible substeps of the variational relaxa-

tion from the overlaid atoms to the molecular energy

minimum, we follow these guidelines: If possible, large

dominant contributions should have the same sign because

cancellations of large contributions of opposite sign do not

yield simple convincing qualitative bonding pictures. A

given bond energy can be partitioned into a very large

number of possible energy terms (see e.g., Ref. [35]). We

try to combine them so as to yield a few meaningful

quantities characteristic of the given bond. That is, can-

cellations between many (even important) possible energy

contributions should be hidden so that bonds will be

characterized by (i) the bond-specific partitioning as well

as by (ii) the individual values of those energy pieces. Such

a ‘self-organizing’ partitioning procedure should extract

the overall phenomenon that is specific for a given bond

rather then bury it under a wealth of data of a too detailed

breakdown. It should put in evidence the bonding mecha-

nism that is essential to the given bond. In particular, the

kinetic aspects should not be lost by the sole consideration

of electrostatic or density terms, as e.g., in Refs. [43, 49].

Manifestly, there exists not just one method for

describing and explaining the chemical bonding pheno-

mena. Various approaches highlight various, complementary

aspects. For instance, one may analyze wavefunctions or

density matrices, or at a lower level of information con-

tents, the electron density distribution [44, 45], hoping that
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chemically sufficiently accurate relations between charge

density and both, the kinetic energy [46, 47] and also the

two-electron Coulomb energy can be found, eventually. Or

one may discuss the low energy of bonded molecules, or

the vanishing forces [48] in bonded and in separated,

nonbonded structures.5 One may also define the bonded

atoms constituting the molecules as optimally transferable

overlapping entities or as sharply separated entities

strongly depending on the bonded situation [49]. And one

may think of molecules as consisting of deformed atoms or

of atomic and bond contributions [50, 51].

2.2 Pseudo-potential treatment of atomic cores

A distinctive feature of the present analysis is the treatment

of the chemically inactive atomic cores by the pseudo-

potential method. Pseudo-potentials or effective core

potentials simulate the complex quantum–mechanical

actions of the inner occupied shells, viz. nuclear shielding,

core polarization, and closed shell Pauli repulsion, in a

manner that is easier to visualize. In the present context,

this approach has three benefits.

(i) The quantum–mechanical influence of occupied core

shells on the behavior of valence electrons is intricate. In

quantum–chemical ab initio approaches, the valence orbi-

tals are usually orthogonalized to the occupied core orbi-

tals. This causes an oscillatory behavior of the valence

orbitals in the core region, which allows only a low overall

probability for the penetration of the valence orbitals into

the core region (typically *10%). Nonetheless, the inner

core wiggles of the valence orbitals cause comparatively

large, partially compensating contributions to the elec-

tronic kinetic and potential energies [52] and to the elec-

trostatic forces [53]. These effects are replaced by a

conceptual Pauli-repulsive pseudo-potential, which keeps

the valence shells out of the atomic cores without intro-

ducing tedious core wiggles, while simultaneously yielding

the correct total energy.

(ii) While the total valence shell energies Ev are much

smaller than the core energies, the kinetic part Tv and the

potential part Vv of the valence energy are much larger in

magnitude than Ev [52]. The pseudo-potential method

accomplishes the separation of these large, but mutually

canceling, core-related contributions, say Tv
* and Vv

*, from

the proper valence contributions, which are then the

pseudo-potential energies Tps and Vps. This corresponds to

the resolutions

Ttotal � Tcore ¼ Tv ¼ T�v þ Tps;

Vtotal � Vcore ¼ Vv ¼ V�v þ Vps; ð1Þ

Etotal � Ecore ¼ Ev ¼ Tv þ Vv ¼ Tps þ Vps; with

Tps � T�v ; Vps

�
�

�
� � V�v

�
�
�
�; T�v þ V�v ¼ 0: ð2Þ

The implication is that those Pauli repulsions that are

caused by kinetic energy terms due to orthogonalization to

the core are replaced by certain repulsive terms in the

potential energy. The valence solutions of Schrödinger

equations with pseudo-potentials are wavefunctions that

are significantly changed in the core region and, as a result,

they do not satisfy the virial theorem in the form -V/T = 2

that holds for the total energies.6 Rather, one finds that

�Vps=Tps ¼ 2 þ e with 0 \ e \ a; ð3Þ

where a is of the order of 1, typically between 0 and 2.

Concomitantly, one finds that Tv and Vv do not satisfy the

simple Coulombic virial theorem either. From Eq. (3)

follows

�Ev=Tps ¼ �1 � Vps=Tps ¼ 1þ e; ð4Þ

and hence

�Vv=Tv ¼ 1� Ev=Tv ¼ 1� ðEv=TpsÞ � ðTps=TvÞ ð5Þ

¼ 1þ d with 0\d� 1; ð6Þ

since Tps � Tv, as mentioned above.

(iii) The variation of molecular properties and bond

energies down the periodic table (e.g., from Li to Cs or

Au or from Cr to U or Sg) and the differences between

the s–p and d–f groups (Cs/Au or U/Sg) are easily

rationalized by differences in the pseudo-potential shapes.

For instance, Kutzelnigg has traced back the difference

between second and third row chemistry to relative dif-

ferences in the atomic s- and p-valence orbitals, which

can be further rationalized by the differences in the s- and

p-pseudo-potentials [54–59]. The pronounced tendency in

the (middle of the) second row of the periodic table to

form bonds with s–p valence hybrids is related to the

5 Not every putative explanation is valid, however. This observation

notably applies to the following often advanced propositions: (a) that

covalent bonds essentially come about because atomic orbital overlap

accumulates electronic charge between the atoms, which is then

electrostatically attracted by two nuclei instead of only one, (b) that

the kinetic energy changes only collaterally, and (c) that these

inferences are implied by the virial theorem. None of these and

related conjectures (e.g. [43, 74, 75, 103–107]) and various textbooks)

have ever been buttressed by explicit calculations. Rather, detailed

quantitative studies [13–24] have shown that the essential element of

covalent bonding is the reduction of the kinetic energy that results

from the delocalization inherent in interatomic electron sharing. This

is also in accordance with the fact that it is the treatment of the kinetic
energy that distinguishes quantum mechanics from classical mechan-

ics. On the other hand, dominant potential contributions to the

binding energy and, even more, to the attractive force [53] arise from

regions near to the nuclei.

6 The virial ratio -V/T is[2 for real extended non-point nuclei, and

also in density functional approaches, though the deviations from 2

are small. For quasi-relativistic perturbation calculations, -V/T is

slightly below 2.
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similar radial extension of the 2s and 2p AOs, while np

AOs are comparably more extended than the ns AOs for

n C 3. The qualitative explanation is that 2s ‘feels’ the

Pauli-repulsive pseudo-force of the 1s2 shell, while 2p

‘feels’ the centrifugal pseudo-force ?l(l ? 1)/2r3, which

turn out to be of similar magnitudes. However, ns feels

the Pauli repulsion of (n - 1)s2, while np feels more

repulsion, viz. both the (n - 1)p6 Pauli and the l = 1

centrifugal pseudo-forces.

(iv) Since, in all-electron calculations, the virial theorem

applies to the total energy, it is to be expected that small

changes in the large core energies will have a marked

impact on the preservation of the virial ratio -V/T upon

bond formation, even though the core changes have only a

small effect on the total binding energy. Bonding analyses

that differ in the treatment of cores, say by ‘‘freezing’’ them

[39], or by including them in pseudo-potentials, will

therefore differ in the assessment of changes in the ratio

between T and V, even if they agree in the overall bonding

picture.

3 Covalent bonding through electron sharing

3.1 Variational competition

The basic question of bond formation is why is the energy,

the sum of a kinetic and a potential part, lower at the

molecular equilibrium distance than at larger separation?

As already mentioned at the beginning of Sect. 2.1, there

exists a variational competition between two tendencies:

the potential energy can lower its value by pulling the

wavefunction closer toward the nuclei, while the quantum

kinetic energy can lower its value by making the wave-

function broader. By virtue of the variation principle, the

actual ground state wavefunction is the one that offers the

optimal compromise between the localizing potential pull

and the delocalizing kinetic pressure. Hence, it must be

that, at the equilibrium distance, either the kinetic pressure

is weaker or the potential pull is stronger than at larger

separation (or both apply). We shall see that, for the case of

H2
? and H2, it is the kinetic pressure that is weaker at the

equilibrium position and that this softening is a direct

consequence of electron sharing.

The simplest illustration of the variational competition

is furnished by the hydrogen atom with trial orbital

/ ¼ N expð�r=aÞ; N ¼ ða3pÞ�1=2: ð7Þ

The explicit dependences of the T and V values on a are (in

atomic units)

TðaÞ ¼ þ 1

2

Z

dr � jr/ðrÞj2 ¼ 1=ð2a2Þ; ð8Þ

VðaÞ ¼ �
Z

dr � r�1 � j/ðrÞj2 ¼ �1=a; ð9Þ

with optimum value a = 1 for the minimum of their sum.

This yields the exact 1s atomic orbital of the hydrogen

atom. The variational parameter a is a measure of the size

of the orbital, viz. h/jrj/i ¼ 1:5a: Because of the nor-

malization of /, its gradient will become steeper when, for

increasing a, / is squeezed into a smaller space. One can

also argue in terms of the uncertainty principle7: for orbital

(7), the spatial uncertainty Dr is essentially a and the

momentum uncertainty is then Dp = | p | & �h/Dr, hence

the lowest value for T = p2/(2 m) is of order �h2/(2 ma2),

i.e., 1/(2a2) in atomic units. It is a general and typical

quantum–mechanical phenomenon that delocalization of

an electron cloud lowers its kinetic energy integral (pro-

vided that no additional nodes are introduced).

The three dashed plots in Fig. 1 exhibit the kinetic

energy integral T(a), the potential integral V(a), and the

total energy integral E(a) = T(a) ? V(a) as functions of the

orbital size a. While V(a) decreases when the orbital shrinks

toward the nucleus, the opposite is the case for T(a), which

exhibits the outward kinetic pressure[13]. The optimal

compromise is the minimum on the curve for E(a), whose

position is marked by an asterisk on the three curves.

3.2 The one-electron bond without core: H2
? (Table 1)

In its purest form, the bond-forming power of electron

sharing is exhibited in H2
? and H2. It is true that these

molecules are somewhat atypical inasmuch as they have no

chemically inactive cores, which has been noted repeatedly

[17, 49, 60–62] even before the advent of quantum

mechanics [63]. Nonetheless, their analysis yields basic

insights into the quantum–mechanical mechanism of cova-

lent bonds in general. Historically, they were the first to be

described successfully by quantum theory in the late 1920s

[64–73] and they were also the first where the origin of

binding was understood in the early 1960s [13–16]. We here

follow the discussions of Ruedenberg [13–16], Kutzelnigg

[17–20], Goddard [21], Fukui [22], and Mulliken [23].

3.2.1 Physical origin of bonding in H2
?

We consider the hydrogen molecule ion at its equilibrium

distance of 2 bohr. The normalized wavefunction of

(HA - HB)? can be written as

w ¼ ðwA þ wBÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ SÞ½ �
p

; S ¼ hwAjwBi; ð10Þ

7 For common one-particle states, the relation Dr � Dp & n�h holds

approximately, where n is the principal quantum number.
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wA ¼ /A � ð1þ cAÞ; wB ¼ /B � ð1þ cBÞ: ð11Þ

/A,B(r;a) is the atomic orbital (7) at centers A, B, respec-

tively. For R = 2 bohr, the optimal atomic orbital size is

a = 0.7903, which represents a shrinking of the molecular

orbital toward both nuclei A and B. The functions c describe

angular ‘‘polarizations,’’ which vary from zero for the free

atoms (a = 1) to small values in the molecule.8 The kinetic,

potential, and total energy integrals, calculated from the

orbital (10) as functions of the orbital size parameter a, are

exhibited by the solid curves in Fig. 1 [24].

These curves are quite similar in shape for atom and

molecule, which shows that the variational competition

between potential pull and kinetic pressure determines the

optimal compromise for the ground state orbitals of atoms

and molecules in a similar manner. However, two differ-

ences between the H atom and the H2
? molecule are

apparent: (i) The kinetic energy curve T(a) of H2
? runs

significantly lower than that of H for all a. (ii) The potential

energy curve V(a) of H2
? runs higher, but only weakly.

That is, the intrinsic kinetic pressure of the electron is

weakened in the molecule while the potential pull by the

nuclei has not increased. Thus, the bicentric delocalization

of the electron softens the kinetic energy pressure and, as a

consequence, the nuclear potential attraction is able to

attach the electronic cloud more tightly to the nuclei in the

molecule, which lowers the total energy.

A peculiar aspect is that the kinetic energy of H2
? at its

variational minimum is higher than the kinetic energy of H

at its variational minimum. This is a consequence of the

different dependences of the kinetic energy pressure and

the nuclear pull on the orbital size parameter, viz. a-2

and a-1, respectively, which entails the virial theorem

E = -T = V/2. This (nonrelativistically rigorous) theorem

is valid for atoms and for molecules at equilibrium geom-

etries. It implies that, upon bond formation, the kinetic

energy will always increase and the potential energy will

always decrease regardless of the type of bonding.

3.2.2 Bonding as interaction between atoms

The formation of the molecular orbital w as a superpo-

sition of deformed atomic orbitals, as given by Eqs. (10,

11), is the mathematical expression of the chemical

concept of electron sharing between atoms. It allows a

more detailed analysis by examining the variational pro-

cess in several steps. The numerical energy values are

listed in Table 1.

(i) The first substep is to place a proton B near a

hydrogen atom A at the equilibrium distance of H2
?

(*2 bohr) without changing the 1s electron orbital on A.

The resulting energy change due to this ‘sudden’ approx-

imation is the quasiclassical electrostatic interaction

energy (DC),

VðDCÞ ¼ 1=RAB � h1sA 1=rBj j1sAi; ð12Þ

with value V = ?0.752 eV. It is repulsive (‘‘antibonding’’)

because the proton B lies somewhat inside the electron

cloud around atom A, which therefore does not completely

shield B from the repulsion by nucleus A.

(ii) The second substep is to form the shared wave-

function of the undeformed atomic 1s orbitals, however,

with unmodified aA = aB = 1 and cA = cB = 0 in Eqs.

(10, 11). This sharing step is found to increase the potential

energy further by V(DI) = ?0.882 eV. This antibonding

effect can be understood by expressing the density of the

wavefunction as

Fig. 1 Competition between kinetic energy T (upper panel) and

potential energy V (lower panel) in determining the variational

minimum of the total energy E (center panel) in the H atom (dashed
lines) and in the H2

? ion at R = 2 bohr (solid lines) [10–13, 20].

Abscissa: orbital size parameter a (in bohr), ordinate: energies (in

Hartree; note: the energy scale of the center panel is expanded). The

markers (asterisk for H and open diamond for H2
?) indicate the

positions of the respective total energy minima. The reduction in the

T-function from dashed to solid, with the V-function remaining nearly

unchanged, entails a lower E function for the molecule with a

minimum E that has a higher T-value

8 The major non-sphericity around each nucleus is already brought

about by the superposition of /A and /B [113].
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q ¼ w2 ¼ qo þ qðDIÞ with ð13Þ

qo ¼
1

2
ðw2

A þ w2
BÞ;

qðDIÞ ¼ ðwA � wB � S� qoÞ=ð1þ SÞ:
ð14Þ

The term qo represents the quasiclassical density

averaging of the undeformed atoms. The difference

q(DI) = q - qo is due to the quantum–mechanical

amplitude superposition and is therefore called the

quantum interference term (DI). Since q and qo are both

normalized to unity, this interference term represents a

charge shift. Fig. 2 shows that it moves charge from the

regions near the nuclei with low potential into the bond

region of higher potential. Therefore, the ‘bond charge

accumulation’ raises the nuclear-electronic attraction

energy.

The major effect of electron sharing is, however, the

substantial drop in the kinetic energy, namely by T(DI) =

-3.094 eV for the delocalized electron. This was already

realized by Hellmann in 1933 [6]. Ruedenberg [13–16] and

Kutzelnigg [17–20] have discussed it as kinetic interference

stabilization; Goddard [21] has related it to the contragra-

dience of the superposed atomic orbitals. The zeroth-order

overlay wavefunction thus yields a total energy lowering of

E(DO) = -3.094 ? 0.752 ? 0.882 eV = -1.460 eV, which

is about half of the actual binding energy of -2.793 eV. The

lowering is due to the dominant kinetic energy lowering

notwithstanding an increase in the potential energy at this

stage. Unfortunately, many textbooks still teach the invalid

conjecture (going back, it seems, to Ref. [74, 75], see

footnote5) that charge accumulation in the bond lowers the

potential energy (and is therefore the cause of binding),

failing to take into account the concomitant charge depletion

near the nuclei.

(iii) The final step in our analysis is the examination of

the energy changes, when the molecular wavefunction

relaxes variationally to the ‘‘final’’ wavefunction. From

Eqs. (10, 11) it is apparent that two kinds of orbital

deformations occur: radial deformations (DR), viz. orbital

shrinkage (from atomic a = 1 to molecular a = 0.7903),

and angular deformation (DA), viz. orbital polarization. In

the H2
? molecule, the former is by far more important

(E(DR) = 77% of E(DD)). This orbital deformation

changes the total binding energy by E(DD) = -1.33 eV,

lowering it to the final molecular value of E(H2
?) =

-2.79 eV. The kinetic and potential components change

by much greater amounts (Table 1).

Table 1 Energy decomposition (in eV) of H2
? at R = 2 au & Re

H2
? Tk T\ T Vnn Vne V E

Separated atoms ?4.54 ?4.54 ?13.61 – -27.21 -27.21 -13.61

Molecule ?3.80 ?6.30 ?16.40 ?13.61 -46.40 -32.80 -16.40

Bond energy (DE = DO ? DD) -0.74 ?1.76 ?2.79 ?13.61 -19.19 -5.59 -2.79

Quasiclassical interaction (DC) – – – ?13.61 -12.86 ?0.75 ?0.75

Quantum interference (DI) -2.07 -0.51 -3.09 – ?0.88 ?0.88 -2.21

Total overlay effect (DO = DC ? DI) -2.07 -0.51 -3.09 ?13.61 -11.98 ?1.63 -1.46

Radial orbital relaxation (DR) ?1.22 ?2.13 ?5.48 – -6.50 -6.50 -1.02

Angular orbital relaxation (DA) ?0.11 ?0.15 ?0.41 – -0.72 -0.72 -0.31

Total atomic deformation (DD = DR ? DA) ?1.33 ?2.28 ?5.89 – -7.22 -7.22 -1.33

Tk = bond-parallel component of kinetic energy of valence electron(s); T\ = one of the two bond-vertical components; T ¼ Tk þ 2T? ¼ total

electronic kinetic energy; Vnn or Vcc = nuclear-nuclear or core-core repulsion energy; Vne or Vce = nuclear-electron Coulomb or core-electron

effective (pseudo-potential) attraction energy; Vee = electron–electron repulsion energy; V = Vnn ? Vne ? Vee = total potential energy;

E = T ? V = total energy. DE = total bond energy BE; DO = overlay energy of undeformed atoms; DD = deformation energy of the atoms in

the molecule; DC = quasiclassical electrostatic interaction energy; DI = quantum interference energy; DR = radial orbital relaxation energy;

DA = angular orbital relaxation energy; DP = polar charge transfer energy.

* In subsequent tables: the asterisk indicates bond energy values that are empirically corrected for valence electron correlation, see text at the end

of Sect. 3. For units, see end of Sect. 1. Bold values represent the differences or sums of the respective contributions in the preceding lines

Fig. 2 Left: Energy e and potential function V along the internuclear

axis of H2
? for a valence electron in the field of two protons H? at

equilibrium distance. On top: sharing interference density redistribu-

tion q(DI). Bond charge concentration raises the potential energy.

Right: Optimized difference density of (H2
? - 2H�?), contour line

values are ±0.000675�2n e/Å3, n = 0, 1, 2,… . Dashed lines are

negative
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Insight into the reason for these changes is offered by

the virial ratios |V|/T of the H atom, of the (physical, though

not yet energy-minimized and stationary) overlay function

of step (ii) and of the variationally minimized wavefunc-

tion, namely

separated Hþ Hþ atoms Vj j=T ¼ 2;

Hþ2 overlay function of step ðiiÞ Vj j=T ¼ 2:433137; ð15Þ

Hþ2 actual final wavefunction Vj j=T ¼ 2:

The value of 2 for the stationary atom and molecule is

known in advance. The higher value of the overlay

function is a result of the discussed kinetic energy

lowering through electron sharing. The virial ratio [2

indicates that this approximate function is not yet

sufficiently compact. Hence, the variational minimization

will shrink the orbital so as to increase T and lower V until

the virial ratio is lowered to the value 2.

3.3 A model for the variational competition

In the relevant range of a covered in Fig. 1, the variational

kinetic and potential molecular energy curves can be

simply related to the atomic curves, namely: The atomic

functions 1/(2a2) and -1/a of Eqs. (8, 9) are essentially

multiplied by constant factors. The actual kinetic and

potential energy functions of H2
? are in fact quite accu-

rately reproduced by

TðaÞ ¼ ð1� jÞ � 1=ð2 a2Þ;
VðaÞ ¼ ð1þ p=2Þ � ð�1=aÞ; ð16Þ

where j = 0.247 and p = -0.095. Variational minimiza-

tion of E(a) using Eq. (16), which will satisfy the virial

relation, yields a = 0.7905 and a binding energy of

-2.787 eV when compared to the exact values a = 0.7903

and -2.793 eV.

The parameters j and p in Eq. (16) may furnish a general

model for the kinetic and potential energy effects of atomic

orbital interference and electrostatic interaction. The value

of j, which embodies the drop of the kinetic energy pressure

due to delocalization, can be understood as follows. In the

bond axis direction, the orbital of H2
? is about twice as long

as one of the superposed atomic orbitals. Hence, Hell-

mann’s [6–10] particle-in-a-box delocalization model

would suggest a reduction in the bond-parallel atomic

component T|| = 1/6 hartree by a factor 1/4, which yields a

kinetic energy decrease by 3/4 9 1/6 = 1/8 hartree. With

the bond-perpendicular components unchanged, this

decrease represents 25% of the total atomic kinetic energy

of 1/2 hartree, a reduction corresponding to j = 0.25, close

to the value 0.247 given above.

The model is of interest, because it can be adapted for

characterizing other diatomic molecules with atomic cores.

This is accomplished by the following generalization of Eq.

(16). For the atoms with cores, we choose the ansatz

TatðaÞ ¼ k=ð2 a2Þ; VatðaÞ ¼ �Z=ðm amÞ; ð17Þ

and for the molecule with atomic cores:

TmolðaÞ ¼ ð1� jÞ � k=ð2 a2Þ;
VmolðaÞ ¼ ð1þ p=2Þ � ½�Z=ðm amÞ�: ð18Þ

k and (1 - j) 9 k are the atomic and molecular parame-

ters of kinetic pressure, and Z and (1 ? p/2) 9 Z are the

respective ones for the potential pull. The parameter m
simulates the effect of the pseudo-potential, being more

attractive than the Coulomb potential outside the core and

less attractive inside the core. One may assume 0 \j\ 1,

-2 \ p, and 0 \ m\ 1. The resulting optimized atomic

orbital-radius parameter is aopt = (k/Z)1/(2-m), and the virial

ratio becomes -Vps/Tps = 2/m = 2 ? e [ 2 (see Eq. 3).

For the core-free Coulombic case, viz. m = 1 and

-V/T = 2, the respective molecular variational minimiza-

tions of E with respect to a yield

aat ¼ k=Z; Tat ¼ Z2=2k; Vat ¼ � Z2=k ð19aÞ
amol ¼ aat½ð1� ð2jþ pÞ=ð2þ pÞ�; ð19bÞ
Tmol ¼ lTat; Vmol ¼ lVat; Emol ¼ lEat; ð20aÞ

l ¼ 1þ ðjþ pÞ þ ðjþ p=2Þ2=ð1� jÞ: ð20bÞ

For p[ -j, this model yields Emol \ Eat (bonding sta-

bilization) and amol \ aat (orbital contraction), as in H2
?.

The four model parameters k, Z, j, and p can be deter-

mined from the atomic and molecular energies.

As in Step (ii) of Sect. 3.2.2 for H2
?, the virial theorem is,

however, not satisfied for the zeroth-order sharing step, i.e.,

for the approximate energy of the overlay of the superposed

undeformed atoms. They have aov = aat = k/Z, whence

Tov ¼ ð1� jÞ � Tat; Vov ¼ ð1þ p=2Þ � Vat;
Eov ¼ ð1þ jþ pÞ � Eat

ð21Þ

with the virial ratio

�Vov=Tov ¼ 2þ ð2jþ pÞ=ð1� jÞ: ð22Þ

Since p[ -j, this is again larger than 2. From Eqs.

(19a–21) follows then

Tmol ¼ Tov þ Tat � 2jþ pþ O2ðj; pÞ
� �

[ Tov; ð23aÞ

Vmol ¼ Vov � Tat � 2jþ pþ 2O2ðj; pÞ
� �

\ Vov; ð23bÞ

Emol ¼ Eov � Tat � O2ðj; pÞ \ Eov; ð23cÞ

where O2(j, p) = (j ? p/2)2/(1 - j). These equations

show that the reduction in the kinetic pressure (approxi-

mately -1j) and change of the potential pull (approxi-

mately -1p) at the overlay stage induce a variational

decrease in the potential energy, a slightly smaller increase

in the kinetic energy, and a much smaller decrease in the
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total energy. The origin of binding in this model is thus

again due to a reduced kinetic pressure (positive j
parameter) and/or to an increased potential pull. Again, the

final kinetic energy change (approximately ?1j ? 1p) and

potential energy change (approximately -2p - 2j) pro-

vide no information regarding the physical mechanism of

molecule formation. The extended model (17, 18) for more

realistic atoms with cores must be evaluated numerically

and will prove helpful in comparing various bond types.

3.4 The two-electron bond without core: H2 (Table 2)

The covalent bond in H2 is the result of two electrons being

individually shared between two atoms. Basically, it is the

cumulative effect of two one-electron bonds as in H2
?.

There are, however, some differences and additional

interactions.

3.4.1 Quasiclassical electrostatic interaction

When the outer electrons of one neutral spherical atom

penetrate into the electron cloud of another atom, they feel

the incompletely shielded nuclear attraction of the latter.

Many introductory chemistry courses give the incorrect

impression that two neutral atoms with overlapping elec-

tron shells repel each other electrostatically, which would

yield a positive V(DC). In general there is, however, a

significant electrostatic attraction with negative V(DC),

well known from the Morokuma-Ziegler-Baerends bond

energy analyses [35–40, 76]. In the special case of H2

(Table 2), with few electrons and an exceptionally short

internuclear distance, causing comparatively large inter-

nuclear repulsion, V(DC) though negative is still small, viz.

only -0.06 eV (without correlation correction).

3.4.2 Coulomb correlation

Electrons of an interpenetrating classical system would

perform dodging Coulomb correlations, and this would

lower the potential energy. Correlation density functionals

deduce approximate correlation stabilizations from the

one-electron density. Here, we will use the following semi-

empirical recipe: We add the estimated molecular minus

atomic correlation energy (a negative value) with factor ?1

to V(DC), V(DI), E(DC), E(DO), and DE, with factor 2

to V(DO) and V(DE), and with factor -1 to T(DI),

T(DO), and T(DE). For the H2 bond, the correlation energy

is -1.12 eV. This gives -1.18 eV for the correlation-

corrected V(DC).

3.4.3 Interference and relaxation

These features, qualitatively similar to those in H2
?, are

quantitatively different. The model parameters simulating

the values in Eq. (16) are now j = ?0.15 and p = -0.02,

which yield amol = 0.86. Again, the potential effect is

small! The bond formation is dominated by the kinetic

effect. Since there are no atomic core shells, the two

bonding electrons in H2 lead to a particularly short bond,

even in comparison to H2
?. The small space in H2 is less

helpful for sharing interference, so that the value of T(DI)

in H2 is not quite twice that in H2
?. Since the two bonding

electrons repel each other, the contraction of the atoms in

the molecule is less pronounced and less efficient in H2

than in H2
?. The overlay and deformation density changes

are shown in Fig. 3 (left).

4 Bonding with atomic core repulsions

4.1 The Bond of Li2
? (Table 3)

Pseudo-potential virial ratios are -Vps/Tps [ 2, for the Li

atom &3.5. The spatial dimensions of Li are larger, and the

absolute valence energy values are smaller than for H by

factors of 2 to 3. The same holds for the respective

molecular values.

Table 2 Energy decomposition (in eV) of H2 at R = 1.4 au & Re

H2 Tk T\ T Vnn Vne Vee V E

Separated atoms ?9.07 ?9.07 ?27.21 – -54.43 – -54.43 -27.21

Molecule ?7.94 ?11.45 ?31.96* ?19.44 -99.09 ?17.97 -63.91* -31.96*

Bond energy (DE = DO ? DD) -1.13 ?2.38 ?4.75* ?19.44 -44.66 ?17.97 -9.49* -4.75*

Quasiclassical interaction (DC) – – – ?19.44 -33.20 ?13.70 -1.18* -1.18*

Quantum interference (DI) -3.33 -0.83 -3.88* – ?0.89 ?1.70 ?1.47* -2.41

Total overlay effect (DO = DC ? DI) -3.33 -0.83 -3.88* ?19.44 -32.31 ?15.40 ?0.29* -3.60*

Radial orbital relaxation (DR) ?1.74 ?3.37 ?8.48 – -11.84 ?2.37 -9.47 -0.99

Angular orbital relaxation (DA) ?0.47 -0.17 ?0.14 – -0.51 ?0.20 -0.31 -0.17

Total atomic deformation (DD = DR ? DA) ?2.21 ?3.21 ?8.62 – -12.35 ?2.57 -9.78 -1.16

See footnote of Table 1, in particular the asterisk
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4.1.1 The overlay level

As in H2
?, there is slight quasiclassical potential repul-

sion V(DC), and the bond-parallel interference stabiliza-

tion by TkðDIÞ dominates over T\(DI). The smaller

absolute values for Li have two origins. One is the large

extension of the 2s AO. The other one is the shape of the

effective pseudo-potential. The electron-attracting

potential around a proton is deep (Fig. 2 left), giving rise

to large kinetic energy contributions. In atoms with

occupied core shells, the Pauli principle prevents valence

electrons (of same angular momentum as in the core) to

accumulate significant density near the attracting nucleus,

at the expense of high kinetic energy. In the pseudo-

potential approach, this kinetic energy increase is simu-

lated by the repulsive pseudo-potential, which counteracts

the attractive electrostatic part of the core potential.

Pseudo-potential calculations yield (approximately) the

same observable total energies as ab initio calculations,

but in a picture with smaller potential and kinetic energies

for the pseudo-valence orbitals.

In Fig. 4, the effective pseudo-potential of the two Li?

cores in Li2
? is shown. Strictly speaking, the pseudo-

potential is a nonlocal operator, which cannot be plotted in

ordinary space [57, 58]. So, what we plot here is the

pseudo-potential that acts on a pure s orbital centered on

the nearest nucleus. The pseudo-potential for p orbital

contributions to the MO is different, especially for second

row atoms. However, if we absorb the centrifugal pseudo-

potential l(l ? 1)/2r2 into the kinetic Pauli pseudo-poten-

tial, the potentials for s and p contributions become rather

similar. We note that this similarity is the reason of the

exceptional tendency toward s–p hybridization in the

middle of the second row (in particular of the C atom) that

had been highlighted before by Kutzelnigg [54–56].

The interference density change raises the potential

energy in H2
?, whereas this does not happen in Li2

?.

Again, the reason is the different pseudo-potential (com-

pare Figs. 2 and 4). In the hydrogen and lithium cases,

there occurs electronic charge concentration in the bond

center, and this density comes from where it is ordinarily

found in the atoms, i.e., from the potential wells. But for

lithium that is no longer the nuclear region, but the ‘bottom

of the spatial 2s shell’ just outside the core. Consequently,

there is nearly no potential energy change upon interfer-

ence in Li2
?, see Fig. 4 left.

Fig. 3 Density changes upon molecule formation. Left: 2H ? H2.

Right: 2Li ? Li2. Contour line values are ±0.000675�2n e/Å3, n = 0,

1, 2,… Dashed lines are negative, zero line is dotted. Top:

Interference of undeformed AOs (frozen LCAO). Middle: Atomic

radial deformation. Bottom: Atomic angular deformation (polariza-

tion). (The sum is the total molecular difference density, e.g., in Fig. 2

right).

Table 3 Pseudo-potential energy decomposition (in eV) of Li2
? at R = 5.8 au & Re

Li2
? Tk T\ T Vcc Vce V E

Separated atoms ?0.71 ?0.71 ?2.13 – -7.52 -7.52 -5.39

Molecule ?1.29 ?1.12 ?3.52 ?4.69 -14.88 -10.19 -6.67

Bond energy (DE = DO 1 DD) ?0.58 ?0.41 ?1.39 ?4.69 -7.36 -2.68 -1.28

Quasiclassical interaction (DC) – – – ?4.69 -4.48 ?0.21 ?0.21

Quantum interference (DI) -0.34 -0.08 -0.50 – -0.02 -0.02 -0.51

Total overlay effect (DO = DC ? DI) -0.34 -0.08 -0.50 ?4.69 -4.49 ?0.20 -0.30

Radial orbital relaxation (DR) ?0.14 ?0.29 ?0.71 – -0.97 -0.97 -0.25

Angular orbital relaxation (DA) ?0.78 ?0.20 ?1.17 – -1.90 -1.90 -0.73

Total atomic deformation (DD = DR ? DA) ?0.92 ?0.49 ?1.88 – -2.87 -2.87 -0.98

See footnote of Table 1
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4.1.2 Atomic deformation

Remarkably, orbital deformation is similarly efficient in

Li2
? and H2

?, about 1 eV in both cases, although the total

bond energy of Li2
? is less than half that of H2

?. This

means, atomic deformation becomes a major effect in Li2
?

bond formation. However, whereas deformation in H2
? is

mainly radial contraction, it is predominantly angular

deformation in Li2
? (compare also H2 and Li2 in Fig. 3).

One may attribute this to the 2s–2p near degeneracy in the

L shell, it is also evident from the shape of the pseudo-

potential in Fig. 4. The contraction toward the point of

lowest pseudo-potential in Li2
? is contraction toward the

bond center, while in hydrogen it is contraction toward the

nuclei (Fig. 2). The latter is achieved by AO radial scaling,

e-r ? e-ar, a[ 1. In the Li pseudo-potential case, radial

scaling does not help, since it would press electron density

into the core against the repulsive part of the pseudo-

potential. In ab initio calculations, orbital orthogonalization

prevents inappropriate core penetration of the valence

electrons. If we interpret the H-orbital scaling as

e-r ? (e-r)a, the concept becomes applicable to pseudo-

potential calculations, too, and turns out to be quite

effective. Orbital ua with exponent a[ 1 is raised, where

u is large (and that is so, where the potential is deep), and

is reduced where u is small. This is just the type of

deformation, which the virial theorem demands: raising of

kinetic energy and lowering of potential energy, by

amplitude concentration in deep potential regions. We

achieved this computationally by linear combination of the

AO and the squared AO.

4.2 The Li2 molecule (Table 4)

As for H2, the quasiclassical interaction is slightly attrac-

tive, though this time only because of correlation. Namely,

the Li? cores exert a Pauli pseudo-repulsion on the over-

laid valence shells of the other atom of about ?0.3 eV. The

dominant sharing effect is the interference lowering of Tk,
again slightly less than twice that of Li2

?, similar to the

hydrogen case. The potential energy change due to the

sharing interference bond charge (Fig. 3) is slightly

repulsive, as in H2, but becomes attractive after correlation

correction.

Orbital deformation in Li2 is much less efficient than in

Li2
?. The reason is electron crowding in the middle of the

Li2 molecule, while in H2 the density contracts to the two

nuclear centers (Fig. 3). Accordingly, electron correlation

is different in H2 and Li2. In H2 with two potential wells,

the dominant type of correlation is left–right. In Li2 with a

single trough in the molecular center, angular correlation is

the dominant one, see Table 5.

Another, at first sight puzzling, difference between

lithium and hydrogen had been noticed by Müller and

Jungen [77]. In H2 and H2
?, TkðDEÞ is lower than in the

atom H, while T\(DE) has strongly increased. But in Li2
?,

TkðDEÞ is higher than in the atom and is even higher than

T\(DE). Again, the reason is the shape of the pseudo-

potential. In H2
?, radial contraction increases both Tk and

T\ similarly. Since sharing interference had decreased Tk
so much, it remains quite low in the molecule. In Li2

?,

Fig. 4 Left, bottom: Pseudo-potential function Vps along the inter-

nuclear axis for a valence electron in the field of two lithium cores

Li? at the equilibrium distance of Li2
?. Above: Interference density

redistribution q(DI). The bond charge concentration in the center of

Li2
? hardly changes the potential energy value. Right: Difference

density (Li2 - 2Li), contour line values are ±0.000675�2n e/Å3,

n = 0, 1, 2,… Dashed lines are negative, zero line is dotted

Table 4 Pseudo-potential energy decomposition (in eV) of Li2 at R = 5.05 au & Re

Li2 Tk T\ T Vcc Vce Vee V E

Separated atoms ?1.42 ?1.42 ?4.27 – -15.06 – -15.06 -10.78

Molecule ?1.44 ?1.47 ?5.26* ?5.39 -27.16 ?6.39 -17.11* -11.84*

Bond energy (DE = DO ? DD) ?0.02 ?0.05 ?0.99* ?5.39 -12.10 ?6.39 -2.05* -1.06*

Quasiclassical interaction (DC) – – – ?5.39 -9.85 ?4.65 -0.68* -0.68*

Quantum interference (DI) -0.56 -0.11 ?0.10* – -0.34 ?1.11 -0.10* -0.01

Total overlay effect (DO = DC ? DI) -0.56 -0.11 ?0.10* ?5.39 -10.19 ?5.76 -0.78* -0.69*

Radial orbital relaxation (DR) ?0.14 ?0.16 ?0.47 – -0.66 ?0.09 -0.57 -0.10

Angular orbital relaxation (DA) ?0.44 -0.01 ?0.43 – -1.24 ?0.54 -0.70 -0.27

Total atomic deformation (DD = DR ? DA) ?0.58 ?0.16 ?0.90 – -1.90 ?0.63 -1.27 -0.37

See footnote of Table 1
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however, angular deformation by mixing in pr AOs

increases Tk three times more than T\ so that Tk becomes

larger than in the atom and larger than T\, although Tk had

been significantly lowered by interference in the DI step.

5 Further homopolar sigma bonds

The H atom has a medium nuclear attraction, i.e., elec-

tronegativity (EN), and no inner core shells. The Li atom

differs in two respects. It has an occupied atomic core, and

it has a rather low EN with diffuse valence orbital. Typical

main group elements (except from the second row of the

periodic table) have bigger cores and larger ENs. A rep-

resentative example with a simple valence s–shell, a big

core and a significant EN is Au (its EN is similar to that of

iodine). We present bond energy analyses of Au2
? and Au2

in Sects. 5.1 and 5.2. The chemically most important

nonmetals have medium large cores and valence-active s–p

shells. We analyze a respective model in Sect. 5.3.

5.1 The Au2
? molecular ion (Table 6)

In order to account for the large relativistic effects in the

cores of these heavy atoms, a so-called large-core scalar-

relativistic energy-adjusted pseudo-potential was applied

[31, 32]. When two Au? cores approach each other, the

valence electron of Au2
? becomes shared and the kinetic

energy decreases: at the comparatively large internuclear

distance of 1� Re by about –� eV (Table 6), and much

more at shorter distances. At shorter distances, however,

the pseudo-potential repulsion of the big core against the

penetrating valence electron of the other atom sets in. At

Re, the valence electron becomes confined in the low-

potential region that has then developed at the bond center

(Fig. 5). This potential well is much more pronounced than

in Li2
? (Fig. 4) with a similar nuclear distance. The well

minimum at the bond center of Au2
? is lower than the

trough around the core of a single Au atom. Therefore,

interference charge accumulation in the bond center

reduces the potential energy in Au2
?.

As in Li2
? with its single potential well, the dominant

contribution to the bond energy comes from contraction of

the valence MO toward the bond center and toward the low

potential just above the atomic cores. This is describable by

combined radial density piling up in the inner region of the

valence shell and by angular polarization through s–p

hybridization. It is the sharing interference lowering of Te

that makes this drastic contraction energetically profitable

so that the final Tk and T\ are both only slightly higher

than in the atom.

5.2 The Au2 molecule (Table 7)

At larger internuclear separations with small overlap,

Au2 and Au2
? behave similar. At equilibrium separation,

the kinetic sharing stabilization is counterbalanced by the

kinetic correlation correction, by electrostatic bond

charge repulsion of the two valence electrons, and by

core repulsion. We remember that the two-electron bond

energy of Li2 (-1.06 eV) is even smaller than the one-

electron bond energy of Li2
? (-1.28 eV). Radial AO

relaxation of the overlapping Au-6s AOs is a complex

reorganization with reduction in Te and Vee and

increase in Vce but with small total energy lowering. An

important energy lowering comes through angular

deformation by s–p–d hybridization, corresponding to the

stabilization of the bond by the mechanism maintained in

many textbooks: bond charge accumulation in the bond

center.

Table 5 rg
2 valence shell correlation energy contributions: left–right,

in–out, and angular in %

Correlation type

(config. mixing)

Left–right

(rg
2 ? ru

2)

Angular

(rg
2 ? p2, d2)

In–out

(rg
2 ? rg

2)

H2 46 29 23

Au2 39 40 19

Cs2 38 43 19

Na2 35 45 20

Cu2 32 48 19

Li2 25 51 24

Table 6 Pseudo-potential bond energy decomposition (in eV) of Au2
? at R = 5.0 au & Re

Au2
? Tk T\ T Vcc Vce V E

Bond energy ?0.20 ?0.25 ?0.70 ?5.44 -8.39 -2.95 -2.25

Total overlay effect (DO)a -0.39 -0.07 -0.52 ?3.13 -2.83 ?0.30 -0.22

Radial orbital relaxation (DR) ?0.22 ?0.42 ?1.05 -2.89 -1.70 -0.65

Angular orbital relaxation (DA) ?0.37 -0.10 ?0.17 -2.67 -1.55 -1.38

See footnote of Table 1. a The individual positive and negative energy contributions are for R = 8.7 au, where their absolute values are not so

huge as at Re, but where the total overlay E is the same
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5.3 A model for s–s-r bonds in a typical E2 molecule

(Table 8)

The chemically more important atoms C and N have spa-

tially smaller cores with larger pseudo-potential values

than Li or Au, but their electronegativities are much larger

than for Li, even larger than for Au. We create a simple

atomic model pseudo-potential for this situation, i.e. for an

s-type core, which should for simplicity support just a

single s–s-r bond: V̂
ps
E ¼ �2=r þ P̂0 � 50 exp(-9r2), com-

bined with core-core repulsion Vcc = ?1.66/R. The pro-

jection operator P̂0 simulates the orthogonality of valence

orbitals onto s cores. The shape of the pseudo-potential is

as in Li2 (Fig. 4), but as deep as in Au2 (Fig. 5) or H2

(Fig. 2).

At the undeformed AO overlay level, sharing interfer-

ence reduces T (Table 8). The potential well in the middle

is deep enough, and the cores are not that big and repulsive,

to get a reduction in V from interference bond charge

concentration. So the common belief, initiated by Slater

[74, 75] holds for molecules that are more ‘normal’ than

H2, namely that the bond charge due to interference of

undeformed AOs contributes to electrostatic bond stabili-

zation. But this is not the sole physical origin for stabilizing

bond charge accumulation.

A further concentration of charge in the potential well at

the bond center occurs by hybridization of the undeformed

s and p AOs, and it further decreases the V value. Te

increases only slightly, because (ru)2 is nearly zero any-

how in the overlap region because of contragradience [21].

Further energy improvement, and significant orbital modi-

fication toward fulfillment of the virial theorem (with T

increase and V decrease) is achieved by simply mixing in s

and p orbitals with their radial functions squared, as

mentioned for Li2
?. Many permutations of these different

energy lowering steps are possible. The respective energy

increments in Table 8 are not much dependent on that

order (within ±2%); the individual steps still have a rea-

sonably well defined meaning.

6 Heteropolar sigma bonds

6.1 The one-electron heteropolar bond in LiH?

(Table 9)

Again, for this molecular ion, there is slight quasiclassical

repulsion at the undeformed atomic overlay level, but this

time there is nearly no sharing energy lowering

E(CT ? DI). Equal sharing, i.e. transfer of half an electron

from the more to the less electropositive atom, is too

energy expensive. Also from inspection of the effective

potential (Fig. 6), one understands that only little charge

transfer from H to Li? will occur with only little V

increase. The electronegativity difference impedes sharing,

which in the present case would hardly increase the

available space for the electron. So there is only little T

decrease. The minimal basis LCAO approximation does

not yield bonding, i.e. E(LCAO) is slightly positive. In

Fig. 5 Pseudo-potential Vps of a valence electron in the field of two

Au? at the equilibrium distance of Au2
? along the internuclear axis.

Density concentration at the bond center lowers the potential energy

Table 7 Pseudo-potential bond energy decomposition (in eV) of Au2 at R = 4.67 au & Re

Au2 Tk T\ T Vcc Vce Vee V E

Bond energy -0.4 ?0.2 ?0.6* ?5.8 -14.2 ?6.7 -3.0* -2.3*

Total overlay effect (DO)a -0.2 -0.0 ?0.3* ?2.2 -8.4 ?5.8 -1.6* -1.3*

Radial orbital relaxation (DR) -0.5 -0.5 -1.5 ?1.6 -0.2 ?1.4 -0.1

Angular orbital relaxation (DA) ?0.4 ?0.7 ?1.7 3.6 -7.5 ?1.1 -2.8 -1.0

See footnote of Table 1. a The individual positive and negative energy contributions are for R = 12.3 au, where their absolute values are not so

huge as at Re, but where the total overlay E is the same

Table 8 Energy decomposition for a model of a typical s–s-r two-

electron bond, in % of the bond energy

E–E T V E

Bond energy (DE) ?65 -165 -100

Total overlay effect (DO) -23 -34 -58

s–p hybridization ?12 -31 -19

Contraction by mixing in squared AOs ?63 -82 -19

Further orbital relaxation ?12 -17 -5

Total atomic deformation (DD) ?88 -130 -42
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Au2
?, electron repulsion by the big cores cancels the

sharing reduction in T; in Li2, the interelectronic repulsion

in the bond center cancels the overlay energy reduction; in

LiH?, there is hardly any sharing. Pauling [78] noted

already in 1931 that resonance of a single electron between

significantly different atoms is impossible (see also Refs.

[79–81]). Accordingly, radial contraction is also weak and

energetically inefficient. The main effect of bonding is the

polarization of the highly populated H-1s and the weakly

populated Li-2s AOs toward the ‘bond center’. Conse-

quently, the bond remains of secondary, polarization type.

6.2 The two-electron heteropolar bond in LiH

(Table 10)

Due to the repulsive Li? core potential, there is weak

quasiclassical repulsion of H by overlaid Li. This is turned

into slight stabilization (as in Li2 or model-E2, though not

yet in Au2), if correlation of the two valence electrons is

accounted for (E(DC)). With one electron on each atom, a

large interference lowering of T occurs (T(DI), Table 10),

in magnitude between those of Li2 and H2. Since the

interference shifts charge from the density maximum at the

proton toward the molecular center, Vce(DI) rises (Fig. 6).

The accumulation of two electrons in the same region

raises Vee even more. If we relax the frozen atomic popu-

lations and allow for charge transfer from Li to H within

the undeformed minimal valence AO basis set, charge

moves from the diffuse Li-2s to the compact H-1s shell.

This implies large T(CT) increase and even larger V(CT)

decrease. A large fraction of the bond energy is due to the

polarity of this bond, which may be interpreted as partially

ionic. However, we note the point of Dunitz [62, 82] that

the working of an ionic model does not imply that ionicity

is a property inherent to nature.

The density increase on H and density decrease on Li

call for AO deformation [83]. Lid? orbital contraction and

Hd- orbital expansion are to be expected. However, it is

already known from Ransil [84] that simple scaling is not

very effective, even not for H-1s. Radial deformation by a

flexible s-AO basis is needed for long range contraction

without simultaneously increasing the logarithmic deriva-

tive of the wave function around the nucleus (that would

violate the cusp condition) and without increasing the

valence density in the occupied core shell. Complex radial

and angular deformations are similarly important and

contribute one-third to the total bond energy (E(DD) in

Table 10).

The one-electron bond in a homonuclear diatomic A2
?

is stronger than half the two-electron bond in A2, because

electron–electron repulsion destabilizes the two-one-elec-

tron covalences in A2. Typically c = BE(A2
?)/BE(A2) is

between 0.6 and 1.3, i.e., the one-electron bond may be

even stronger than the two-electron bond (Table 1 of part I)

[5]. Lewis was astonished, when he found so many electron

pair bonds that he even suspected the breakdown of the

Coulomb repulsion law at molecular interelectronic dis-

tances [25]. On the other hand, c is smaller than 0.5 for the

polar and the correlative (e.g., ‘charge fluctuating’ [85–89])

bonds in LiH, NaCl, HF, and F2. Two-electron bonding in a

polar system A:B gets a large contribution from ionic

A-B? attraction, and in addition, electron repulsion sup-

ports sharing interference for each of the two-one-electron

covalences. On the other hand, there is little sharing in

polar A�B? systems between the electron-attracting and the

electropositive atoms, what illuminates the ‘paradoxical

role of electron repulsion’ to stabilize the polar pair bond.

An important point in comparisons of neutral molecules

|A:B| with their cations AB? is the difference between the

loss of a bonding electron in |A�B|? or of a lone-pair (or

core) electron in �A:B|? or in |A:B�?. In the case of polar

molecules [|A? :B|-], e.g., the cations [�A2?:B|–]? and

[|A?:B�]? will have stronger or weaker bonds, respectively

[90, 91]. This aspect is sometimes missed in respective

bond discussions [92].

Table 9 Pseudo-potential energy decomposition (in eV) of LiH? at

R = 4.06 a.u. & Re

LiH? T V E

Separated atoms (H, Li?) ?13.61 -27.21 -13.61

Molecule ?13.58 -27.33 -13.75

Bond energy (DE) -0.03 -0.12 -0.14

Quasiclassical interaction (DC) – ?0.07 ?0.07

(CT ? DI) from LCAO -0.20 ?0.20 0.00

Total LCAO overlay effect (DO) -0.20 ?0.27 ?0.07

Radial orbital relaxation (DR) ?0.39 -0.43 -0.04

Angular orbital relaxation (DA) -0.21 ?0.03 -0.17

Total atomic deformation (DD) ?0.18 -0.40 -0.22

See footnote of Table 1

Fig. 6 Effective potential Vps along the internuclear axis for an

electron in the field of Li? and H?
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6.3 The s–p-r pair bond in BH (Table 11)

Significant quasiclassical electrostatic attraction occurs

when the H-1s penetrates into the inner part of the valence

shell of B-2s22pr1, where the 1s2 core of B3? is only

weakly shielded (Table 11, V(DC) = -2.15 eV). The

Pauli-repulsive overlap of H-1s with B-1s2 is small and

amounts to only ?0.25 eV.

At the quantum–mechanical undeformed minimal basis

LCAO level (DI ? DP), several things happen. (i) Keeping

H-1s outside the B core raises both T and V a little. (ii) B-

2p-H-1s sharing interference leads to the typical lowering

of T, especially of the large Tk component. (iii) 0.2 elec-

trons are ‘promoted’ from B-2s to B-2pr. This creates a

quadrupolar difference density (Fig. 7, middle) with

respect to spherically averaged B-1s22s2 2px
1/3py

1/32pz
1/3 [93–

101]. (iv) Polar charge transfer is small (0.04 e) corre-

sponding to the small electronegativity difference of B

and H.

The common quadrupolarity of bonded p-block atoms

[60–62, 82, 93–101] has an interesting classical analogy.

The valence electrons are floating on the atomic core, like

ocean water on the earth. A second attractive center (the

other atom, or the moon, respectively) causes two low and

two different high tides (Fig. 7, right). The s–p promotive

density deformation increases T. In the pseudo-potential

approach, B-2s has a smaller kinetic energy than B-2p,

since the pseudo-2s AO has no radial node, and of course

also no angular node. Vee is reduced, because s–p hybrid-

ization shifts the B-2s2 lone-pair away from the B–H bond

pair.

Orbital deformation behaves as expected, with Te and

Vee increase and Vce decrease, due to radial contraction

toward the proton and toward the potential valley ‘just

above’ the B core and due to polarization toward the bond

center. The effective potential in BH (Fig. 7, left) is similar

to the one in LiH (Fig. 6), but much deeper around the B3?

core and at the bond center. Therefore, and in contrast to

LiH, the HOMO energy level allows for valence density at

the backside of the boron as shown in Fig. 7, middle.

7 Bonds involving pr and pp orbitals

7.1 The p–p-r bond in B2 (Table 12)

The ground state (rg
2ru

2puxpuy) 3Rg
- of B2 contains two-one-

electron pp–pp bonds. We here analyze the excited

(2srg
22sru

22prg
2)1Rg

? state with a single ppr pair-bond. The

quasiclassical overlay attraction V(DC) = -2� eV is

nearly twice the total bond energy E(DE) = -1� eV

(Table 12). At the ab initio level, the classical electrostatic

overlay attraction would be even bigger (nearly -5 eV) but

is compensated by an additional quantum kinetic energy

increase, corresponding to the orthogonalization of the

atomic valence orbitals on the other atom’s occupied shell.

As in BH, valence density from the other atom penetrates

the filled 2s2 shell and becomes attracted by the B3? core.

The dominant effect described at the undeformed LCAO

approximation is the energy increase due to Pauli repulsion,

i.e., orthogonalization on 2s. It means a depopulation of 2s

and a promotion to 2p of 0.17 e per atom. Thereby T, espe-

cially Tk, is increased, as in the case of BH. Even after

inclusion of correlation and sharing interference, the inter-

action energy is still slightly positive (E(LCAO) =

?0.4 eV). Only after accounting for atomic deformation,

one gets some bonding. It is not very strong, corresponding to

the fact that (2prg
2)1Rg

? is an excited state with the same

dissociation limit as the (2pp2)3Rg
- with a more common

bond energy of -3.1 eV. Still, 2pr electron sharing is one

important factor in B2 r-bonding, while 2s Pauli repulsion

partially compensates the T lowering. Because of computa-

tional simplicity, the promotional energy terms (DP in

Table 12) were determined before interference.

Table 10 Pseudo-potential energy decomposition (in eV) of LiH at R = 3.01 a.u. & Re

LiH T Vcc Vce Vee V E

Separated atoms ?15.74 – -34.74 – -34.74 -19.00

Molecule ?18.66* ?9.04 -60.37 ?13.11 -40.18* -21.52*

Bond energy (DE) ?2.92* ?9.04 -25.64 ?13.11 -5.44* -2.52*

Quasiclassical interaction (DC) – ?9.04 -15.68 ?6.83 -0.78* -0.78*

Quantum interference (DI) -2.48* – ?0.73 ?2.76 ?2.52* ?0.04

Charge transfer (CT) ?5.97 – -9.95 ?3.03 -6.92 -0.95

Total overlay effect (LCAO) ?3.49* ?9.04 -24.90 ?12.62 -5.18* -1.69*

Radial orbital relaxation (DR) -1.30 – ?0.88 ?0.06 ?0.94 -0.36

Angular orbital relaxation (DA) ?0.72 – -1.61 ?0.42 -1.18 -0.47

Total atomic deformation (DD) -0.57 – -0.74 ?0.49 -0.26 -0.83

See footnote of Table 1

Theor Chem Acc (2010) 127:237–257 251

123



Atomic radial and angular deformations are both

important for bonding. The unfavorable Tk contribution

(mainly from 2sru) is significantly reduced by a flexible

s-AO basis, this time corresponding to radial expansion.

Two-thirds of the angular deformation is obtained with a

more flexible p-AO basis, allowing contraction toward the

bond center and toward the boron nuclei (there is no

repulsive pseudo-potential acting on p-AOs of the same

center). We note the similarity between s-contraction in

s–s-r bonded H2 and p-contraction in p–p-r bonded B2.

The total bond energy comes from the interplay of

electrostatic attraction, Pauli repulsion, sharing interfer-

ence attraction, and energy lowering due to atomic relax-

ation. It makes no sense to ask the question, whether it is

this or that single term that causes bonding. Bonding will

occur, if at least some attractions are ‘comparatively’

strong and have a pronounced tendency to lower the total

energy, and the repulsions are ‘comparatively’ weak and do

not prevent bonding, in a variational regime.

7.2 The p–p-r and p–p-p bonds in N2 (Table 13)

In addition to one 2e-r bond (rg
2ru

2rg
2), N2 has two 2e-p

bonds (pu
4). The large positive repulsion between the N5?

cores is partitioned according to the number of r and p
electrons and combined with the large decreases in Vce,r

and Vce,p (see Fig. 8). As in B2, the quasiclassical attraction

forms a large fraction of the bond energy (Table 13). In an

Table 11 Pseudo-potential energy decomposition (in eV) of BH at R = 2.43 au & Re

BH Tk T\ T Vcc ? Vce Vee V E

Separated atoms ?22.85 ?14.47 ?51.80 -169.87 ?34.61 -135.25 -83.46

Molecule ?23.04 ?16.20 ?56.25* -219.14 ?66.26 -143.27* -87.03*

Bond energy (DE) ?0.19 ?1.73 ?4.45* -38.07 ?31.65 -8.02* -3.57*

Quasiclassical interaction (DC) – – – -31.50 ?30.15 -2.15* -2.15*

Interference (DI) ? promotion (DP) -1.97 -0.46 -2.08* ?4.42 -1.53 ?2.09* ?0.01

Total LCAO overlay effect -1.97 -0.46 -2.08* -27.08 ?28.62 -0.06* -2.14*

Radial orbital relaxation (DR) ?1.06 ?1.70 ?4.45 -7.72 ?2.28 -5.44 -0.99

Angular orbital relaxation (DA) ?1.10 ?0.49 ?2.08 -3.27 ?0.75 -2.51 -0.44

Total atomic deformation (DD) ?2.16 ?2.19 ?6.53 -10.99 ?3.03 -7.95 -1.43

See footnote of Table 1

Fig. 7 Left: Effective potential along the internuclear axis of BH for

a valence electron: solid line Vps of an electron in s-AOs; dotted line
Vps ? 1/r2 (centrifugal potential) of an electron in B p-AOs. Middle:

Difference density between BH molecule and spherical B, H atoms.

Contour line values ±0.000675�2n e/Å3, n = 1, 2, …. Dashed lines

are negative. Right: The tide effect: The moon assumed on the right

attracts the ocean, on the right more and on the left less than in the

middle, where the attraction force is as for the whole earth

Table 12 Pseudo-potential energy decomposition (in eV) of B2 (rg
2 1Rg

?) at R = 3.51 au & Re

B2 (1Rg
?) Tk T\ T Vcc ? Vce Vee V E

Bond energy (DE) ?3.38 ?1.88 ?7.94* -73.57 ?65.70 -9.47* -1.53*

Quasiclassical interaction (DC) – – – -71.53 ?69.57 -2.76* -2.76*

Promotion (DP) ?3.32 ?0.47 ?4.26 ?9.13 -9.74 -0.62 ?3.64

Interference (DI) -0.41 -0.04 ?0.30* -3.47 ?3.49 -0.78* -0.47

Total LCAO overlay effect ?2.91 ?0.43 ?4.57* -73.62 ?63.32 -4.16* ?0.41*

Radial orbital relaxation (DR) -2.16 -0.04 -2.25 ?2.23 -0.91 ?1.32 -0.93

Angular orbital relaxation (DA) ?2.63 ?1.49 ?5.62 -9.93 ?3.29 -6.63 -1.01

Total atomic deformation (DD) ?0.47 ?1.45 ?3.37 -7.70 ?2.38 -5.31 -1.94

See footnote of Table 1
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ab initio approach without 1s2 Pauli repulsion, there is an

additional large electrostatic attraction. The important

electrostatic attractions of overlaid atoms in covalences

have been highlighted recently [40, 76].

At larger distances, both r and p interferences reduce T.

However, at the frozen LCAO level, the additional p bonds

in N2 compress the molecule so much that at equilibrium

separation, the r-system raises the T even more than in B2.

The significant interference lowering of T comes from p.

The corresponding charge transfer from the atomic pp
region to the midplane of the molecule (Fig. 9) is the p-

analogue of the r-interference density in H2 (Fig. 3). There

is also potential energy increase due to bond charge build

up in both cases. The slight bond energy at the frozen

LCAO level is due to electron correlation.

Again, atomic deformation in the molecule contributes a

lot to bonding. Flexibilization of the s-AO basis, of the

p-AO basis, and additional higher-l polarization functions

each contribute about one-third. At the end, the molecular

Te is above the atomic values, in accordance with the virial

theorem. However, the r and p systems contribute differ-

ently to achieve that aim. The r system is responsible for a

large part of potential energy lowering by contraction

toward the bond axis and the surface of the N-1s2 cores,

with significant increase in Tr. The p system contributes

mainly to the reduction in kinetic energy density by shar-

ing, and the deformation is dominantly d–f-polarization.

Our simple model of Sect. 3.3 does no longer work well for

such a strongly coupled system of two different bond types.

8 A tentative synthesis

One of the fascinating aspects of Chemistry is that there

seems to be an endless diversity of different bonding sit-

uations, and it is therefore not surprising that our brief

sampling of diatomic molecules has also revealed a variety

of different bonding patterns.

One among the various approaches to classify bonds on

a theoretical basis is to analyze actual electronic wave-

functions or their density distributions (in the latter case,

experimental densities can also be used [102]). While such

taxonomies are useful in a number of contexts, they

inherently cannot address the question of how and why the

underlying physical forces, governed by the relevant

physical equations, interact to generate the various bonding

situations. The ability of such an approach to elucidate

differences is therefore limited. It is just the explanation of

distinctions that has been the focus of the present analysis.

One important question is What are the roles played in

the formation of bonds by the kinetic and by the nuclear-

electron and electron–electron potential energies? Because

the variation principle entails the stationarity of the total

energy of the exact wavefunctions of atoms and molecules,

even relatively simple theoretical approximations can

typically provide semi-quantitative accuracy for the total

bond energy and therefore yield some insight into physical

mechanisms. They do not yield, however, reliable infor-

mation regarding the kinetic and potential energy changes

Table 13 Pseudo-potential energy decomposition (in eV) of N2 at R = 2.068 au & Re

N2 Tr Tp T 0.4Vcc ? Vce,r 0.6Vcc ? Vce,p Vee V E

Bond energy (DE) ?13.72* r ? p = -320.16 ?305.95 -23.61* -9.89*

Quasiclassical (DC) - - 0 -196.50 -102.49 ?296.53 -7.17* -7.17*

Promotion (DP) ?17.13 r ? p = ?25.40 -30.86 -5.46 ?11.66

Interference (DI) ?1.68 -38.71 -32.33* -14.98 ?31.37 ?13.59 ?25.27* -7.05

Total overlay effect (DO) -15.20* r ? p = -257.20 ?279.26 ?12.65* -2.56*

s-AO relaxation Tk: - 3.83 T\:1.47 -0.89 r ? p = -4.78 ?2.81 -1.98 -2.86

p-AO relaxation ?18.12 ?10.61 ?28.73 -29.20 -19.61 ?17.77 -31.03 -2.31

d- and f-contributions ?1.02 ?0.05 ?1.08 -2.48 -6.88 ?6.12 -3.23 -2.15

Total atomic deformation (DD) ?18.25 ?10.66 ?28.92 r ? p = -62.95 ?26.70 -36.24 -7.32

See footnote of Table 1

Fig. 8 N2 Left: Effective potential Vps along the internuclear axis for

a valence electron in the field of two N5? cores at the molecular

distance. Bond charge concentration lowers the potential energy.

Right: Molecular difference density. Contour lines ±0.025�2n e/A3,

n = 0, 1, 2,… Dotted line: zero, dashed lines: negative
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nor regarding such terms as the Hellmann and Ehrenfest

forces [103–107]. A more thorough analysis, rigorously

based on the variation principle, has therefore been the aim

of the present inquiry.

To perform such an analysis for a bond between atoms

A and B, one has to relate the wavefunction of the systems

(A&B) and (A–B) in some way. This can be effectively

achieved by considering physically appropriate intermedi-

ate wavefunctions along a ‘‘variational path in function

space.’’ We have found it useful to choose the ‘‘overlaid

undeformed atoms’’ as the main intermediate wavefunction

and thus distinguish two major steps from (A&B) to (A–B):

the overlay step and the relaxation step. The former con-

tained a quasiclassical and an interference contribution.

The latter contained a radial and an angular deformation.

The interplay of the various factors for bond formation

in the systems examined, which is summarized in

Table 14, shows the following. Covalent bonds can be

dominated either by the interaction of the undeformed

overlaid atoms or by the relaxation of the overlaid atoms in

the molecule. In the former case, the leading term may be

the quantum–mechanical reduction in the kinetic energy

pressure due to electron sharing or the electrostatic

attraction due to overlapping, correlated electronic shells

(‘potential-triggered covalence’). Even in the latter case,

however, the reduction in the kinetic energy density by

electron sharing constitutes an important ingredient, in that

it makes a short internuclear distance feasible (e.g., in N2).

The angular deformation of the overlaid atoms plays a

comparatively small role in H2, but is usually more

important, in particular in short multiple bonds (e.g., in

N2). In some cases, radial deformation (often more

involved than simple contractive scaling) is more impor-

tant; in other cases, angular polarization is more important.

There is also competition of s- versus p-overlap and of

radial versus angular changes.

A major reason for these differences is that the regions

of low pseudo-potential differ from molecule to molecule.

In the case of hydrogen, they are located near the nuclei. In

the case of more loosely bound valence electrons, as in Li-

r and N-p, they lie at some distance from the nucleus

around the core shells. In the case of Au-r and N-r, they lie

at the bond center. In the case of two atoms with different

electronegativities and/or core sizes, the molecular pseudo-

potential exhibits a strong bias toward one nucleus, as in

LiH and BH.

An additional factor of influence is the Pauli repulsion

between closed shells, be they core or lone-pair shells.

Upon A–B bond formation, the singly and doubly occu-

pied valence orbitals of A overlap with the singly and

doubly occupied valence orbitals and with the doubly

occupied core orbitals of B, and vice versa. While the

pseudo-potential approach has eliminated the core effects

on the same atom, there still remain the repulsions

between the valence orbitals on A and the Pauli-forbidden

regions of B. These orbital orthogonality effects lead to

significant orbital modifications and yield significant

repulsive contributions to the kinetic and potential

energies.

In simple cases, the factors mentioned can be modeled

by the parameterized expression (18) of Sect. 3.3, viz.

Emolðk; j; Z; p; mÞ ¼ ð1� jÞ � k=ð2 a2Þ
� ð1þ p=2Þ � Z=ðm amÞ: ð24Þ

Figure 10 represents an attempt to place the various

discussed bonds in the j-p-parameter space. The figure

also has a further dimension D that indicates deviations

from the model. For cases were the deviations are too large,

different schemes of bond indicators may be useful that

highlight different characteristics in parallel, even though

perhaps masking other aspects. For instance, the valence

bond approach emphasizes left–right correlation via strong

‘covalent–charge shift’ resonance, while undervaluing

(though not completely suppressing) electron sharing.

Thereby, it can extract certain chemically relevant

Fig. 9 p-electrons in N2. Top: density difference between a doubly

occupied pu,x-MO of N2 and two singly occupied px-AOs of two N
atoms at their molecular positions. Contour line values are ±0.025�2n

e/Å3, n = 0, 1, 2,… Dashed lines: negative. Bottom: effective

potential of an electron in the field of two N-cores along the line

indicated above, parallel to the bond axis at a distance of 0.4 Å and p-

density change 4qp along that line
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differences out of specific bonds and reactions that are not

as obvious in the MO-CI approach [85–89, 114].9

We may view the first physical step of covalent bond

formation as a Lewis-type sharing interference, which

tends to accumulate charge in the overlap region, along the

bond axis for r-bonds, and ‘‘above and below’’ the bond

axis for p-bonds. This typically lowers the kinetic energy.

In some cases, it can also lower the potential energy with

respect to the spherically averaged atoms. The accumulated

charge comes from regions of high charge density with low

pseudo-potential energy. In atoms with small (e.g., N) or

absent cores (H) and with valence AOs of small angular

momenta (s-AOs), it comes from the vicinity of the nuclei,

which is energetically expensive. For atoms with larger

cores and with valence AOs of higher angular momenta, it

comes from the ‘backsides’ of the atoms, i.e., from regions

just outside the core, farther away from the nuclei and

away from the ‘‘other’’ atom; this is energetically less

expensive. Accordingly, at the level of overlaid unde-

formed atomic wavefunctions, the potential energy chan-

ges may vary from slightly antibonding (H2
?) to strongly

bonding (LiH, B2), depending on the spatial extension of

the overlapping AOs and on the detailed shape of the

pseudo-potentials. Correspondingly, the parameter p in Eq.

(24) can vary from slightly negative to significantly posi-

tive. While the contragradient overlap of partially filled

valence AOs always lowers the bond-parallel kinetic

energy pressure (positive j-parameter), rearrangements of

s–p AO populations (hybridization) may reduce or, occa-

sionally, increase the kinetic energy pressure.

As regards the deformations of the overlaid atoms in the

relaxation step, one finds the following possibilities. For

hydrogen, without a core, monopolar radial contraction

toward the nucleus dominates. In atoms with cores and a

single s-type valence electron (Li, Au), dipolar density

deformation directed toward the bond center dominates. In

atoms with cores and several valence electrons in an s–p

valence shell, the charge flows around the Pauli-repulsive

Fig. 10 Different kinds of valences in diatomics (AB means the E2 of

the text) due to three mechanisms, described by three parameters:

j = reduced ‘kinetic energy pressure’ caused by electron delocaliza-

tion (sharing); p = increased ‘potential energy pull’ caused by charge

transfer to more electronegative regions; c = reduced interelectronic

repulsion density caused by correlation. D = energy deviation from

simple model (Eq. 16). SC simple covalences (large j; small, even

negative p). PT valences with regions of deep potential triggered

energy lowering by charge shift (large p; small, even negative j); LP
covalences interacting with Large Cores or Lone-Pairs (large D; small

p and j)

Table 14 Valence energy decomposition (in %) of ten different diatomic covalent molecules

Molecule

(bond)

Bond energy

BEo (-DE)

in eV)

% BEo Important contributions

Molecular

overlay of

atoms (DO)

Deformation

of atoms in

molecules

(DD)

Correlated

classical Density

overlay

(DC in DO)

Overlapping

orbital

interference

(DI in DO)

DTk
contribution

(in DI)

Radial

deformation

(DR in DD)

Angular

polarization (DA
in DD)

H2 4.75 76 24 25 51 70 21

LiH 2.52 67 33 31 36 98 14 19

Li2 1.06 65 35 64 53 25

BH 3.57 60 40 60 55 28

E2 58 42 23

Au2 2.3 55 45 70 40

H2
? 2.78 53 47 80 74 36

N2 9.89 26 74 72 Large Tp 52 22

Au2
? 2.25 10 90 29 61

B2(1Rg
?) 1.53 –27 127 61 66

Absolute values; without vibrational energy correction. Dominant contributions are in bold face

9 Interest in the quantum mechanical explanation of the various

details of the genesis of various chemical bonds, in addition to their

mere description, seems rising in recent years. The importance of

local kinetic energy parameters and other wavefunction-based

descriptors, the use of different physical definitions of chemical

concepts and even the use of chemical ‘‘noumena’’ without uniquely

definable physical basis have been advanced [45, 85–89, 115–123]
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core and forms a quadrupole with bond and lone-pair

densities.

The discussed results exhibit the invalidity of the con-

jecture that the lowering of the potential energy, which

always occurs upon bond formation, is universally caused

by the accumulation of electron density between the atoms

through orbital overlap. Only in certain special cases, so to

speak accidentally, is the assertion valid that ‘‘bonding is a

result of the lowering of the potential energy in the bonding

region caused by the accumulation of density that attracts

the nuclei’’ [108]. In this context, it is interesting to note

the fact that the density polarizations near the nuclei, which

are caused by the tails of the valence orbitals, dominate in

balancing the repulsions between the nuclei [53, 109].
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